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The multiple point criticality principle is applied to the pure Standard Model (SM), with a desert up to the 
Planck scale. We are thereby led to impose the constraint that the effective Higgs potential should have two 
degenerate minima, one of which should have a vacuum expectation value of order unity in Planck units. In 
this way we predict a top quark mass of 173 ± 5 GeV and a Higgs particle mass of 135 ± 9 GeV. The quark 
and lepton mass matrices are considered in the anti-grand unified extension of the SM based on the gauge group 
SMG 3 fg> U(l)f \ this group contains three copies of the SM gauge group SMG, one for each generation, and 
an abelian flavour group (7(1) f. The 9 quark and lepton masses and 3 mixing angles are fitted using 3 free 
parameters, with the overall mass scale set by the electroweak interaction. It is pointed out that the same results 
can be obtained in an anomaly free SMG ® U(l) 3 model. 



1 Introduction 

On rather general grounds, we expect that all 
coupling constants become dynamical in quantum 
gravity Jue to the non-local effects of baby uni- 
verses. El. We have arguedcl that the mild form of 
non-locality in quantum gravity, respecting repa- 
rameterisation invariance 13, leads to the realisa- 
tion in Nature of the "multiple point criticality 
principle" . According to this principle, Nature 
should choose coupling constant values such that 
the vacuum can exist in degenerate phases, in a 
very similar way to the stable coexistence of ice, 
water and vapour (in a thermos flask for exam- 
ple) in a mixture with fixed energy and number of 
molecules. We apply this principle to the pure 
Standard Model (SM) with a desert up to the 
Planck scale, and give a precise dynamical deter- 
mination of the top quark mass M t and the Higgs 
particle mass Mh- 

The top quark is the only SM fermion which 
has a mass of order the electroweak scale and a 
SM Yukawa coupling of order unity. All of the 
other fermion masses are suppressed relative to 
the natural scale of the SM. The Yukawa cou- 
plings range over five orders of magnitude, from 
of order 10 5 for the electron to of order unity for 
the top quark. It is this fermion mass hierar- 
chy problem that we address in the second half 
of the talk. We introduce an extension of the 



SM where such a large range of Yukawa couplings 
is natural, due to the existence of new approxi- 
mately conserved chiral gauge quantum numbers 
which protect the fermions from gaining a mass. 
This so-called anti-grand unification model □ is 
based on the gauge group SMG 3 <g> U(l)f, where 
SMG = SU(3) ® 517(2) <g> U{1). In our model all 
the elements of the Yukawa matrices (except for 
one element which leads to the unsuppressed top 
mass) are suppressed (relative to the assumed nat- 
ural order 1) by a product of the ratios of the vac- 
uum expectation values (VEVs) of the Higgs fields 
required to break the extended gauge symmetry to 
the fundamental (Planck) scale of the theory. In 
this way we can express very small numbers such 
as 1CP 5 as the product of 5 numbers of order 10 -1 . 

2 The Ice- Water Analogue 

In the analogy of the ice, water and vapour system, 
the important point for us is that by enforcing 
fixed values of the extensive quantities, such as en- 
ergy, the number of moles and the volume, you can 
very likely come to make such a choice of these val- 
ues that a mixture has to occur. In that case then 
the temperature and pressure (i. e. the intensive 
quantities) take very specific values, namely the 
values at the triple point. We want to stress that 
this phenomenon of thus getting specific intensive 
quantities only happens for first order phase tran- 



sitions, and it is only likely to happen for rather 
strongly first order phase transitions. By strongly 
first order, we here mean that the interval of val- 
ues for the extensive quantities which do not allow 
the existence of a single phase is rather large. Be- 
cause the phase transition between water and ice 
is first order, one very often finds slush (partially 
melted snow or ice) in winter at just zero degree 
Celsius. And conversely you may guess with jus- 
tification that if the temperature happens to be 
suspiciously close to zero, it is because of the ex- 
istence of such a mixture: slush. But for a very 
weakly first order or second order phase transition, 
the connection with a mixture is not so likely. 

In the analogy considered in this paper the 
coupling constants, such as the Higgs self coupling 
and the top quark Yukawa coupling, correspond 
to intensive quantities like temperature and pres- 
sure. Now it is well-known that the pure Stan- 
dard Model, with one loop corrections say, can 
have two minima in the effective Higgs field po- 
tential. If really there were some reason for Na- 
ture to require phase coexistence, it would be ex- 
pected that the "vacua" corresponding to these 
minima should be able to energetically coexist, 
which means that they should be degenerate. If 
the vacuum degeneracy requirement should have a 
good chance of being relevant, the "phase transi- 
tion" between the two vacua should be strongly 
first order. That is to say there should be an 
appreciable interval of extensive variable values 
leading to a necessity for the presence of the two 
phases in the Universe. Such an extensive variable 
might be e. g. J d 4 x\4>(x)\ 2 . If, as we shall assume, 
Planck units reflect the fundamental physics, it 
would be natural to interpret this strongly first or- 
der transition requirement to mean that, in Planck 

-, . • t , , • • f d 4 x\4>(x)\ 2 

units, the extensive variable densities - — ? — - 

= < | <j)\ 2 > for the two vacua should differ by a 
quantity of order unity. Phenomenologically |0| 2 
is very small in Planck units for the vacuum in 
which we live, and hence the other vacuum should 
have \<fi\ 2 of order unity in Planck units. 

Thus the application of the multiple point crit- 
icality principle to the pure SM leads to our two 
crucial assumptions: 

a) The two minima in the SM effective Higgs po- 
tential are degenerate: V r off (0 min i) = V cS {(f) min 2 ). 

b) The second minimum has a Higgs field squared: 
< |0 m i„2| 2 >= 0(M 2 lanck ) ~ (10 19 GeV) 2 . 
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Figure 1: This symbolic graph of the effective potential 
V E ff(<f>) for the Standard Model Higgs field illustrates the 
two assumptions which lead to our prediction of the top 
quark and Higgs boson masses: 1) Two equally deep min- 
ima, 2) achieved for \rf>\ values differing, order of magni- 
tudewise, by unity in Planck units. 

These assumptions are illustrated in Figure 1 and 
in the next section we show how they lead to pre- 
cise predictions for Mt and Mh- 

3 Calculation of the Higgs and Top Masses 

We use the renormalisation group improved ef- 
fective potential, identifying the renormalisation 
point with the field strength (/>: 

KffW = \mftj J i = \4>\)\<f>\ 3 + \\{v=\d>\)W 

(1) 

Now the condition KffWmini) = KffWmin 2), 
where one of the minima corresponds to our vac- 
uum with (/> m i n 1 = 246 GeV, defines (part of) the 
vacuum stability curve in the M t — Mh plane, for 
0min 2 < A. Here A is the physical cut-off scale 
for the pure SM beyond which new physics enters. 
We take A ~ M P i anck ~ 10 19 GeV and the rac- 
uum stability curve for this case is illustratedu in 
Figure 2 

If we now also impose the strong first or- 
der transition requirement, </> m i n 2 — C(Mpi anc k) 
we are interested in the situation when <fi m i n 2 3> 
'/'min 1 • In this case the energy density in our vac- 
uum 1 is exceedingly small compared to </>mi n 2 • 
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where SMGi = SU(3)i <g> SU(2) t ® U(l) t (5) 




M, (GeV) 

Figure 2: SM vacuum stability curve for A = 10 19 GeV 
and a s = 0.124 (solid line), a a = 0.118 (upper dashed 
line), ct a = 0.130 (lower dashed line). 



The three SMGi groups are broken down to their 
diagonal subgroup — the usual SM gauge group 
SMG — and the U(l)f group is totally broken near 
the Planck scale. As discussed by Holger Nielsen 
at this conference, the multiple point criticality 
principle applied to this model successfully pre- 
dicts the values oLthe three running SM gauge 
coupling Constantsa. 

We put the SM fermions into this group in an 
obvious way. We have one generation of fermions 
coupling to each SMGi in exactly the same way 
as they would couple to the SMG in the SM. We 
then choose U(l)f charges with the constraint that 
there should be no anomalies and no new mass- 
protected fermions, giving the essentially unique 
set of charges shown in Table [p. We have labelled 
the fermions coupling to SMGi by the names of 
the 'i'th proto-generation of SM fermions. 



Also the \(p\ term will a priori strongly domi- 
nate the \4>\ 2 term in vacuum 2. So we basically 
get the vacuum degeneracy condition to mean 
that, at the vacuum 2 minimum, the effective co- 
efficient \(4>min 2) must be zero with high accu- 
racy. At the same 0-value the derivative of the 
effective potential V c s((j>) should be zero, because 
it has a minimum there. In the approximation 
V e s(4>) w ^\(<j))(j> 4 the derivative of Kff(</>) with 
respect to <j> becomes 

(2) 

and thus at the second minimum the beta-function 
Px vanishes, as well as X(<p). So we imposed the 
conditions (3\ = A = near the Planck scale, 
0min 2 — ^Planck- Using the two loop renormal- 
isaion group equations, these two conditions de- 
termine a single point on the vacuum stability 
curve, giving our Standard Model criticality pre- 
diction for both the top quark and Higgs boson 
pole masses El: 

M t = 173 ± 5 GeV M H = 135 ± 9 GeV. (3) 

4 The Anti-grand Unification Model 

The anti-grand unified gauge group is: 

G = SMGi ® SMG 2 ® SMG 3 ® U(l) f (4) 



Table 1: £/(!)/ charges of the fermions. 
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Now we must choose appropriate Higgs fields 
to break G down to the SMG. The quantum num- 
bers of the fermion fields are determined by the 
theoretical structure of the model (in particular 
the requirement of anomaly cancellation), but we 
do have some freedom in the choice of the quantum 
numbers of the Higgs fields. We choose the Higgs 
fields so as to get a realistic model of the suppres- 
sion of fermion masses. In fact we specify the U(l) 
charges of the Higgs fields and use a natural gener- 
alisation of the usual SM charge quantisation rule 
to determine the non-abelian representations. The 
Weinberg-Salam Higgs field 4>ws takes highly non- 
trivial quantum numbers under G. In this way we 
determine an order of magnitude representation of 
the Yukawa coupling matrices, in terms of three 
Higgs field VEVs; W, T and £ measured in Planck 
units. Since we only use the abelian charges, the 
same results can be obtained in an anomaly free 
SMG <g> U(l) 3 model. 
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5 Mass Matrices 

The fermion mass matrices are expressed in terms 
of Yukawa matrices and < 4>ws >= 246 GeV by: 
Mf =Yf< 4> ws > /V2. Our model □ gives the 
following order of magnitude Yukawa matrices at 
the Planck scale, where unknown complex coeffi- 
cients of 0(1) in the matrix elements have been 
ignored. 



Table 2: Best fit to experimental data. All masses are 
running masses at 1 GeV except the top quark mass which 
is the pole mass. 
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We note that these mass matrices are not symmet- 
ric but they do have some important features. The 
diagonal elements in all 3 mass matrices are the 
same, giving the SU(5)-like results « m T and 
m s rs rri/j,, but the off-diagonal elements dominate 
Y u making m t and m c respectively larger. The di- 
agonal and off-diagonal contributions to the lowest 
eigenvalue of Yd are approximately equal, giving 
> m ~ 777 e . A three parameter order of mag- 
nitude fit with W = 0.158, T = 0.081 and £ = 
0.099 successfully reproduces the observed masses 
and mixing angles within a factor of two — see Ta- 
ble 2. 



6 Conclusion 

Our determination of the pole masses, 
(M t , M H ) = (173 ± 5, 135 ± 9) GeV follows from 3 
assumptions: 

1. The pure SM is valid, without any supersym- 
metry, up to the Planck scale. 

2. The SM Higgs potential V c s has 2 degenerate 
minima. 

3. There is a strong first order phase transition, 
requiring min 2 ^ M P i anck . 

The coexistence of these 2 vacuum phases in space- 
time suggests a mild breakdown of locality as in 
baby universe theory. 

The anti-grand unified SMG 3 <g> U(l)f model, 
or the effective SMG® U(l) 3 model, successfully 
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fits 9 fermion mases and 3 mixing angles in terms 
of 3 Higgs VEVs. 
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